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We analyze the possible existence of topological phases in two-legged spin ladders considering a
staggered interaction in both chains. When the staggered interaction in one chain is shifted by one
site with respect to the other chain, the model can be mapped, in the continuum limit, into a non
linear sigma model NLσM plus a topological term which is nonvanishing even if the number of legs
is two. This implies the existence of a critical point which distinguishes two phases. We perform
a numerical analysis of energy levels, parity and string non-local order parameters, correlation
functions between x, y, z components of spins at the edges of an open ladder, the degeneracy of the
entanglement spectrum and the entanglement entropy in order to characterize these two different
phases. Finally, we identify one phase with a Mott insulator and the other one with a Haldane
insulator.
I. INTRODUCTION
Heisenberg spin model and its anisotropic variants (for
a review see [1] and references therein) represent an ideal
playground for the description of quantum phases of mat-
ter [2] with magnetic degrees of freedom. In the spe-
cial case of one-dimensional models, these systems ex-
hibit both gapless and gapped phases, with para-, ferro-
or antiferro-magnetic correlations, and have been ex-
tensively used as a benchmark to develop new analyti-
cal or perturbative techniques. In particular, the spin
s = 1/2 SU(2) antiferro-magnetic (AFM) Heisenberg
chain, which was known to be exactly solvable [3] and
to correspond to a critical model (with a non-magnetic
ground state with short range correlations only), has
been assumed for decades as a paradigm. Thus, it came
to a surprise when, in 1982, Haldane [4, 5] argued that
the spin s = 1 chain is instead gapped. Indeed, Haldane’s
conjecture states that there is a substantial difference be-
tween half-integer and integer spin chains. Such different
behaviour can be explained in a semi-classical approach
which makes use of spin coherent states [6] by mapping
the model, in the continuum and low-energy limit, to an
effective O(3) non-linear sigma model (NLσM) [4, 5, 7]
plus a topological term [8, 9], whose coefficient θ is pro-
portional to the value of the spin s. For half-integer spin,
the topological term is an odd multiple of pi and thus
weights the different topological sectors with an alter-
nating sign, giving rise to a massless spectrum [10]. On
the contrary, the topological term is a multiple of 2pi and
thus is uneffective for integer spin, resulting in a pure
O(3) NLσM which is a massive theory characterized by
a finite correlation length [11].
Actually, Haldane’s argument relied on the assumption
that the spin was large, but, mainly based on numerical
checks, it was expected that its conclusions could be ex-
tended also to lower spins, down to s = 1. In 1987,
Affleck, Kennedy, Lieb and Tasaki [12] introduced the
so-called AKLT model, for which the exact ground state
and the existence of the Haldane gap was obtained an-
alytically. This was just the first example of a whole
new class of models exhibiting gapped phases which were
soon proved to be characterized by [13, 14] hidden sym-
metries and non-local order parameters (NLOP). Simi-
larly to what happens for the classical XY model and its
BKT transition [15, 16], it was known that for all these
quantum Hamiltonians, containing short-range interac-
tions only, the Mermin-Wagner theorem [17, 18] would
prevent the breaking of any continuous (SU(2) or U(1))
symmetry, yielding instances of what we now call sym-
metry protected topological (SPT) order, in which the
standard framework of the Ginzburg-Landau theory [19]
is not applicable. This is similar to what was then rec-
ognized to happen in a variety of models with fermions
[20–24], including topological insulators and supercon-
ductors [25, 26]. Recently, it has been pointed out [27, 28]
that a suitable class of NLOPs might provide a complete
classification for fermionic models as well [29], at least
in the weak coupling regime, as long as they might be
dealt within a bozonization approach and mapped to a
sine-Gordon theory [30].
The Heisenberg model in the two dimensional case is
very different [31–35]: the topological term is absent
whatever the spin is and whatever the topology of the
bipartite lattice is. To have a behaviour similar to what
happens in one dimension, one should examine quasi-
bidimensional models such as coupled chains, i.e. spin
ladders. For Heisenberg ladders, a generalized "even-odd
conjecture" was put forward [36], according to which lad-
ders with integer spin are gapped, while ladders with
half-integer spin are gapless if the number of legs is
odd and gapped if the number of legs is even, a fact
strongly supported by numerical checks [37–43]. The ex-
istence of topological features as the cause of this differ-
ent behaviour in spin ladders was first investigated in [44]
and in [45]. Following the original Haldane’s mapping,
Dell’Arringa et al. in [46] and Sierra in [47, 48] mapped
the Heisenberg Hamiltonian of a spin ladder into a NLσM
which contains a topological term whose coefficient θ is
proportional to both spin and number of legs, proving
the above mentioned conjecture.
It is also known that a way to control the coefficient in
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2front of the topological term in an independent way with
respect to the value of the spin is by introducing alternat-
ing interactions. This has been considered for example in
[48–50] for the one-dimensional chain and in [51] for lad-
ders, showing that in all cases a critical point is expected
for the value of the parameter controlling staggerization
which yields a coefficient of the topological term θc = pi.
Such critical point separates two different gapped phases
whose properties we want to investigate in this paper.
In particular we will show that it is indeed the presence
of the topological term in the NLσM of the correspond-
ing effective continuum field theories that controls the
emergence of a phase with an SPT order, which shows
up for θ > θc. We remark that a similar connection
between topological terms in the continuum effective La-
grangian and the appearance of a SPT phase has been
found also in a one-dimensional fermionic system which
aims at describing a generalization of the lattice version
of Schwinger model for 1+1-dimensional quantum elec-
trodynamics [52, 53].
The paper is organized as follows.
In Sect.II we present our Hamiltonian of a two-legged
spin ladder, with alternated Heisenberg interactions
along each chain. Following [46, 49] we sketch the deriva-
tion of its continuum limit low energy effective theory,
finding a NLσM plus a topological term which is nonva-
nishing even if the number of legs is two. This allows us
to verify the results of [51, 54], which predict a critical
point for a certain value of the parameter which controls
the alternation.
In Sect.III we start the numerical analysis, which con-
firms the existence of such a critical point, separating
two different gapped phases. One of these phases (for
θ > θc = pi) is characterized by a set of zero modes de-
generate with the ground state. On the contrary to what
happens in others Heisenberg ladder models character-
ized by some non-topological zero energy modes [55], in
our case we prove that the phase with zero modes en-
codes an SPT order investigating NLOP, namely parity
and string non-local order parameters. Furthermore, in
the phase with zero modes, we also check that spin cor-
relation functions between spins at the ends of the ladder
are different from zero, supporting the idea that we are
in presence of edge states. Finally, we perform an analy-
sis of the entanglement entropy and of the degeneracy of
the entanglement spectrum, showing that the latter has
indeed an even degeneracy in the supposed SPT phase.
These results, concerning the critical point and the topo-
logical nature of one of the two phases, are also consistent
with [56], where our model is studied through a Berry
phase investigation.
We finally summarize our conclusions in Sect.IV. Follow-
ing the classification suggested in [27–29], we can say that
our numerical analysis allows us to identify the region for
θ < θc with a Mott insulator-like phase, with no edge
states, nonvanishing value of the parity non-local order
parameter and an odd degeneracy of the entanglement
spectrum, while the region with θ > θc with a Haldane
insulator-like phase, characterized by edge states, a non-
vanishing value of the string non-local order parameter
and an even degeneracy of the entanglement spectrum.
II. THE MODEL AND ANALYTICAL
PREDICTIONS
We focus on two-legged spin ladders with staggered
interactions along each chain. We have the choice to put
the alternation in two possible different ways:
• A. In the same way on both chains, thus forming
a columnar pattern of strong and weak bonds: the
Hamiltonian reads:
H =
∑
a=1,2
N∑
i=1
J‖,a(1 + (−1)iγ)Sa(i)Sa(i+ 1)+
+
∑
a=1,2
N∑
i=1
J⊥,a,a+1Sa(i)Sa+1(i) (1)
where the index a labels the chains, while the index
i the sites along each chain. We will show that the
topological term is zero in this case.
• B. In the opposite way in one chain with respect to
that of the second chain, yielding a staggered pat-
tern of strong and weak bonds, with Hamiltonian:
H =
N∑
i=1
J‖,1(1 + (−1)i−1γ)S1(i)S1(i+ 1)+
+
N∑
i=1
J‖,2(1 + (−1)iγ)S2(i)S2(i+ 1)+
+
∑
a=1,2
N∑
i=1
J⊥,a,a+1Sa(i)Sa+1(i). (2)
An equivalent situation is obtained by exchanging
the role of the two chains. This is the case we
will concentrate on, since a nonvanishing topologi-
cal term will be present.
We assume that the coupling constants J‖,1, J‖,2,
J⊥,a,a+1 are all positive, so the classical minimum of the
Hamiltonian is antiferromagnetically ordered, and we
will work in the range −1 ≤ γ ≤ 1.
The partition function of both models (1) and (2)
can be expressed using a path integral representation
Z =
∫
DΩˆ exp
is∑
a,i
ω[Ωˆa,i(τ)]−
∫ β
0
dτH(τ)
 (3)
with spin coherent states [6], obtained by replacing the
spin operators Sa(i) with the classical variables sΩˆa(i, τ).
3In (3) the first term is the Berry phase contribution,
which arises as a consequence of the nonvanishing over-
lap between coherent states at consecutive times [57] and
represents the area bounded by the trajectory parame-
terized by Ωˆ(τ) on the S2 sphere [7, 58]. To calculate
the action that appears in the phase of the exponential,
we will assume Haldane’s mapping [31] and follow [46] to
specialize it to the case of spin ladders, by taking:
Ωˆa,i(τ) = (−1)a+iφˆ(i, τ)
(
1− |la(i, τ)|
2
s2
) 1
2
+
la(i, τ)
s
(4)
where the spin coherent field has been written in terms
of a slow-varying field φˆ(i, τ) of unit norm, which is
weighted by a staggered factor (−1)i+a, and of uni-
form fluctuations la(i, τ) which are assumed to be small,
|la(i, τ)|/s 1. This allows to expand all expressions up
to quadratic order in the latter field which can then be
integrated out. Notice that we take φˆ(i, τ) not changing
along a rung, meaning that the staggered spin-spin corre-
lation lenght ξ is greater with respect to the total width
of the ladder nla, a fact which is confirmed numerically
[59, 60]. Here we do not give further details of the cal-
culations, that can be found in [61]. For both cases A,B
above, we find a partition function
Z =
∫
Dφˆ exp
(
−
∫
dxdτL(x, τ)
)
(5)
where the Lagrangian density L(x, τ) is written as that
of a NLσM with a topological term:
L(x, τ) = 1
2g
(
1
vs
˙ˆ
φ
2
(x, τ) + vsφˆ′
2
(x, τ)
)
+
+
iθ
4pi
φˆ′(x, τ) · (φˆ(x, τ)× ˙ˆφ(x, τ)). (6)
where
1
g
=
√√√√√∑
d,b
L−1d,b
−4s2γ2∑
d,b
αA,BJ‖,dL
−1
d,bJ‖,b + s2
∑
a
J‖,a
,
vs =
√√√√(−4s2γ2∑d,b αA,BJ‖,dL−1d,bJ‖,b + s2∑a J‖,a)∑
d,b L
−1
d,b
,
with αA = (−1)(d+b) and αB = 1 while
θA,B = −4pisγ×(
∓2J‖,1
(
4J‖,2 + J⊥,1,2
)
+ 2J‖,2
(
4J‖,1 + J⊥,1,2
)
16J‖,1J‖,2 + 4J‖,1J⊥,1,2 + 4J‖,2J⊥,1,2
+
+
±2J‖,1J⊥,1,2 − 2J‖,2J⊥,1,2
16J‖,1J‖,2 + 4J‖,1J⊥,1,2 + 4J‖,2J⊥,1,2
)
. (7)
We notice that our results are consistent with those in
reference [46] in absence of a staggered interaction, i.e.
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FIG. 1. Representation of the the ground state and the first
three excited states (top panel) and of their gaps with respect
to the ground state (bottom panel) in the case of PBC. Here
γ varies from 0 to 1 with a 0.05 step and we consider N = 30
sites for each chain.
γ = 0, which in turn are consistent with those found in
[45] and in [47, 48].
As anticipated before the topological term (7) is
null for case A, yielding instead a nontrivial contribution
in case B, which we will concentrate on in the following.
It is well known [62] that the NLσM is gapped for all
values of the coefficient of the topological term, but for
θ = pi, at which one finds a quantum phase transition
[2]. In the next sections we will check numerically this is
indeed the case and we will characterize the two phases.
For simplicity, we set J‖,1 = J‖,2 = J⊥,1,2 = 1 which
implies that θc = pi when γc = −0.75. This result is the
same found in [51, 54].
III. NUMERICAL ANALYSIS
Our numerical analysis is based on the Density Matrix
Renormalization Group algorithm [63, 64] using MPS
tensor network [65–67].
A. Energy levels and critical point
Our first purpose is to look for a critical point, by
looking at the gap.
Fig.1 shows the results for PBC: in the top panel, the
energies of the ground state (which is in the subspace
Sz,tot = 0) and of the first three excited states (which,
because of the SU(2) symmetry, are degenerate and be-
long to subspaces Sz,tot = 0, Sz,tot = +1, Sz,tot = −1);
in the bottom panel, the values of the triplet gap. The
data have been obtained by considering N = 30 sites on
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FIG. 2. Representation of the the ground state and the first
three excited states (top panel) and of their gaps with respect
to the ground state (bottom panel) in the case of OBC. Here
γ varies from 0 to 1 with a 0.05 step and we consider N = 32
sites for each chain.
each chain for PBC and the parameter γ varies from 0
to 1 with a 0.05 step (the model is symmetric under the
inversion γ → −γ). We clearly see that the gap is closing
at a critical value close to γ = 0.35: the finite-size scaling
of the gap at this point is shown in the top panel of Fig.3
and summarized in the following table:
state of the y-intercept slope χ2
triplet ∆∞[54] C[54]
state with Sz,tot = 0 0.032± 0.001 3.61± 0.02 2.4× 10−6
state with Sz,tot = +1 0.032± 0.001 3.61± 0.02 2.4× 10−6
state with Sz,tot = −1 0.032± 0.001 3.61± 0.02 2.4× 10−6
TABLE I. Results of a linear fit of the energy gap between
each state of the triplet and the ground state as a function of
1
N
for γ = 0.35 with PBC.
We observe the critical point γc deviates a lot from the
expected theoretical value γc = 0.75 This does not come
to a complete surprise, since renormalization corrections
to the semiclassical analysis performed in the previous
section are expected, as also remarked in [51, 54].
Then, we consider OBC. The values of the en-
ergies of the first four states and of the triplet
gap are shown in Fig.2, respectively in the top and
in the bottom panel. We considered chains with
N = 16, 18, 20, 22, 24, 26, 28, 30, 32 sites and performed
a finite-size analysis (see Fig.3), which yields a critical
value close to γ = 0.4.
We notice that the triplet states are gapped in the
phase for γ < γc while they are degenerate with the
ground state in the phase for γ > γc, yielding zero modes.
This is signalling that the latter phase might indeed be
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FIG. 3. Top panel: scaling of the energy gap of each state
of the triplet with respect to the ground state at γ = 0.35
for PBC; we consider N = 16, 18, 20, 22, 24, 26, 28, 30 sites on
each chain. Bottom panel: scaling of the energy gap of each
state of the triplet with respect to the ground state at γ = 0.4
for OBC; we consider N = 16, 18, 20, 22, 24, 26, 28, 30, 32 sites
on each chain.
a SPT phase, a fact that we are going now to prove.
B. Non-local order parameters
Let us remark that our system is essentially a one-
dimensional model with two species of spin, one for each
chain. Using a Jordan-Wigner transformation [57, 68],
it can be interpreted as an interacting system of two
fermionic species whose densities na/N (a = 1, 2) are sep-
arately conserved. As for the Hubbard model, we have
that the total z-spin and total charge densities, respec-
tively defined as (n1 + n2)/N and (n1 − n2)/N , are con-
served. Thus, in order to characterize the two phases of
the Hamiltonian (2) which are separated by the critical
point γc, we can follow the work [27–29] and introduce
the following two types of non-local order parameters,
defined in terms of the parity and the string operators:
C
(α)
P (r) =
〈
j+r−1∏
k=j
eipi(S
α
k,1+S
α
k,2)
〉
(8)
C
(α)
S (r) =
〈
2Sαj
j+r−1∏
k=j
eipi(S
α
k,1+S
α
k,2)2Sαj+r
〉
(9)
where α = x, y, z and subscript a = 1, 2 denote the two
chains. Notice that in all exponentials we take the sum of
the spins on both chains and put a factor pi, as suggested
in [69, 70]. The factor 2 in C(α)S (r) is introduced because
it gives the correct normalization.
In order to reduce as much as possible finite-size effects,
we consider 1 ≤ r ≤ N2 for PBC and N4 ≤ r ≤ 3N4 for
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FIG. 4. Representation of C(α)A , with A = P, S and α =
x, y, z. The parity NLOP C(α)P is in black and the string
NLOP C(α)S is in red. We use PBC, N = 30 sites on each
chain and γ varies from 0 to 1 with a 0.05 step.
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FIG. 5. Representation of C(α)A , with A = P, S and α =
x, y, z. The parity NLOP C(α)P is in black and the string
NLOP C(α)S is in red. We use OBC, N = 32 sites on each
chain and γ varies from 0 to 1 with a 0.05 step.
OBC. For both C(α)P and C
(α)
S the initial site j in and the
final site j + r belong to chain 1.
The behaviour of C(α)P (black line) and C
(α)
S (red line)
are given in Fig.4 for PBC and in Fig.5 for OBC, with a
chain of N = 30 sites for PBC and N = 32 for OBC (γ
always varies from 0 to 1 with a 0.05 step).
We clearly see that the SU(2) symmetry is respected,
so that the x, y, z components of all parameters look the
same. Both with PBC and OBC, the parity and the
string operator have a dual behaviour in the two phases,
with CαP nonvanishing for γ < γc and C
α
S different from
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FIG. 6. Ground state spin correlations < Sα1Sαj >, α =
x, y, z, between the first spin of the ladder kept fixed (i.e. the
first spin of the second chain a = 2) and each of the others
spins of the ladder, indicated by j, until the last one (i.e. the
last spin of the second chain a = 2). Here we have OBC,
γ = 0.15 and N = 32 sites on each chain.
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FIG. 7. Ground state spin correlations | < Sα1Sαj > |, α =
x, y, z, between the first spin of the ladder kept fixed (i.e. the
first spin of the second chain a = 2) and each of the others
spins of the ladder, indicated by j, until the last one (i.e.
the last spin of the second chain a = 2) in the trivial phase
(γ = 0.15). We take OBC and N = 32 sites on each chain.
zero for γ > γc.
C. Correlation functions and edge states
In this subsection we investigate spin correlation func-
tions between the first spin of the ladder kept fixed (i.e.
the first spin of the second chain a = 2) and each of
the others spins of the ladder until the last one (i.e. the
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FIG. 8. Ground state spin correlations | < Sα1Sαj > |, α =
x, y, z, between the first spin of the ladder kept fixed (i.e. the
first spin of the second chain a = 2) and each of the others
spins of the ladder, indicated by j, until the last one (i.e. the
last spin of the second chain a = 2) in the topological phase
(γ = 1). We take OBC and N = 32 sites on each chain.
last spin of the second chain a = 2), when considering
OBC. Indeed, being in a gapped phase, we expect them
to decay in an exponential way for the trivial γ < γc case,
while in the supposed topological case γ > γc they should
still decay in the bulk but have a non-zero value between
the first and the last spins of the ladder, signalling the
appearance of edge states.
We first notice that the SU(2) symmetry, which im-
plies that correlation functions are identical along all
three directions, is respected. Also, as expected, there is
a short-range AFM order, which is evident from the stag-
gered behaviour of the correlation functions, as shown for
example in Fig.6. Their absolute value is plotted in Fig.7
for the trivial case (γ = 0.15) and in Fig.8 for the topo-
logical phase (γ = 1). In the latter case, in order to
numerically sort out the ground state living in the spin
zero sector, we added an interaction with a small mag-
netic field, i.e µ
(∑
a=1,2
∑N
i=1 Stot,a,i
)2
with µ = 10−3,
to the Hamiltonian (2).
From Fig.8 we clearly see that, for γ > γc, there is
a strong correlation between the first and the last spin
of the ladder, which we interpret as the emergence of
zero modes made up of two entangled spins at the edges.
Following the work [71] which characterizes long-distance
entanglement in spin systems, we can quantify the degree
of entanglement carried by such edge states by means of
the concurrence between the first spin of the ladder (i.e.
the first spin of the second chain a = 2) and each of
the others spins of the ladder until the last one (i.e. the
last spin of the second chain a = 2). Having an SU(2)
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FIG. 9. Representation of entanglement entropy Sv as func-
tion of γ which goes from 0 to 1 with a 0.05 step. We use
OBC and N = 32 sites on each chain.
symmetry, the concurrence can be computed as:
C0,j =
1
2
max (0,−1− 12 < Sz,0Sz,j >) , (10)
We find that ∑
j
(C0,j)
2
= 0.49707302 (11)
where the major contribution (of about 99.8%) is given
by the case where j corresponds to the last spin of the
ladder. We also note that this sum is smaller then 1, in-
dicating that the system carries also a certain degree of
multi-partite entanglement [72] (indeed due to rotational
symmetry, all the single-site magnetizations vanish and
the reduced density matrix describes a maximally entan-
gled state of one spin with all the others).
D. Entanglement entropy and entanglement
spectrum
Finally we analyze the behaviour of the entanglement
entropy and the entanglement spectrum. Using again
OBC, we calculate the von Neumann entropy and the
spectrum of the reduced density matrix [73] obtained by
tracing out half of the chain.
First, we expect that entanglement entropy Sv diverges
at the critical point γc, a fact that is confirmed by our
numerical simulations: for example Fig.9 shows the val-
ues of the Sv for γ from 0 to 1 with a 0.05 step, obtained
for N = 32 sites on each chain, which has clearly a high
peak in correspondence of the critical point.
Second, we know that at least a double degeneracy of the
spectrum [73] is expected in the topological phase.
In Fig.10, Fig.11 and Fig.12, we show the logarithm of the
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FIG. 10. Representation of the the logarithm of the eigenval-
ues λi of the reduced density matrix of the system at γ = 0.2.
We use OBC and N = 32 sites on each chain. For each value
of λi, it is possible to see horizontally the corresponding de-
generation given by the number of blue dots.
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FIG. 11. Representation of the the logarithm of the eigenval-
ues λi of the reduced density matrix of the system at γ = 0.45.
We use OBC and N = 32 sites on each chain. For each value
of λi, it is possible to see horizontally the corresponding de-
generation given by the number of blue dots.
eigenvalues of the reduced density matrix greater than
10−12, for γ = 0.2, γ = 0.45 and γ = 0.8 respectively,
again obtained for N = 32 sites on each chain.
We can summarize our results by noting that the degen-
eracy of the entanglement spectrum changes from odd
for γ = 0.2 (Fig.10) to even for γ = 0.8 (Fig.12), near
γ = 0.45 (Fig.11), in agreement with the fact that we
find a non-trivial phase for γ > γc.
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FIG. 12. Representation of the the logarithm of the eigenval-
ues λi of the reduced density matrix of the system at γ = 0.8.
We use OBC and N = 32 sites on each chain. For each value
of λi, it is possible to see horizontally the corresponding de-
generation given by the number of blue dots.
IV. CONCLUSION
We analyzed a two-legged spin ladder with alternated
interactions.
Using a path integral formulation of the partition func-
tion based on spin coherent states, we analytically
mapped the system into a NLσM plus a topological term.
This allowed us to confirm [51, 54, 56] that, for a certain
value of the parameter γ which characterizes the inter-
action, there is a phase transition. We note here that
the numerical result for γc seems to be very close to half
of our theoretical prediction. The same discrepancy was
found for spin 1 chains with staggered interaction [48, 74].
This effect may be due to different causes, such as lattice
and finite-size effects, perturbative and non-perturbative
renormalization corrections to the semiclassical (large s)
approximation on which the Haldane map is based, an
implicit dependence on the number of legs. With our
present knowledge we are not able to sort these different
effects out, but this does not affect our main findings.
We then performed a numerical study based on the
DMRG algorithm to characterize the two different
gapped phases. In particular we saw that the γ > γc
phase is accompanied by a set of zero modes, hinting
that it corresponds to an SPT order. This was confirmed
by the analysis of the correlations between the spins at
the edges and by looking at the degeneracy of the en-
tanglement spectrum. We also calculated some NLOP,
showing that the parity and the string order parameters
have a dual behaviour, with the former being non zero
for γ < γc and the latter for γ > γc.
Following the classification of [27–29], we can say that we
can identify the region for θ < θc with a Mott insulator-
like phase and the region with θ > θc with a Haldane
8insulator-like phase.
In conclusion, we proved that the the presence of a
topological term in the NLσM induces a critical point
which separates an ordinary phase from a topological
one.
A similar situations may be encountered in other sys-
tems. For example, it would be interesting to extend
this analysis to ladders with more than two legs, pos-
sibly going toward the two-dimensional limit. Also an
analogous study could be performed in the case of higher
spin SU(2) [4, 5] or even SU(N) [75] systems.
V. ACKNOWLEDGMENTS
G.G., G.M. and E.E. are partially supported through
the project "ALMAIDEA" by University of Bologna.
G.M. and E.E. are partially supported through the
project "QUANTUM" by Istituto Nazionale di Fisica
Nucleare (INFN).
[1] C. Degli Esposti Boschi, E. Ercolessi and G. Morandi,
Low Dimensional Spin Systems: Hidden Symmetries,
Conformal Field Theories and Numerical Checks, Sym-
metries in Science XI, (B.J. Gruber, G. Marmo, N. Yoshi-
naga ed.s Kluwer, 2004).
[2] S. Sachdev, Quantum Phase Transitions (Cambridge
University Press, 1998).
[3] R. J. Baxter, Exactly Solved Models in Statistical Me-
chanics (Academic Press, 1989).
[4] F. D. M.Haldane, Phys.Lett.A 93:464, 1983.
[5] F. D. M.Haldane, Phys.Rev.Lett. 50:1153, 1983.
[6] J. R. Klauder and B. S. Skagerstam, Coherent states
(World Scientific, 1984).
[7] I. Affleck, Fields, strings and critical phenomena (E.
Brezin and J. Zinn-Justin ed.s North-Holland, 1990).
[8] R. Rajaraman, Solitons and instantons (North-Holland,
1982).
[9] G. Morandi, The role of topology in classical and quantum
physics (Springer-Verlac, 1992).
[10] N. Read and S. Sachdev, Nucl.Phys.B 316:609, 1989.
[11] A. M. Polyakov, Phys.Lett.B 59:79, 1975.
[12] I. Affleck, T. Kennedy, E. H. Lieb and H. Tasaki,
Phys.Rev.Lett. 59:799, 1987.
[13] I. Affleck, T. Kennedy, E. H. Lieb and H. Tasaki, Cm-
mun.Math.Phys. 115:477, 1988.
[14] T. Kennedy and H. Tasaki, Phys.Rev.B 45:304, 1992.
[15] V. L. Berezinskii, Sov.Phys.JEPT 34:610, 1972.
[16] J. M. Kosterlitz and D. J. Thouless, J.Phys.C 6:1181,
1973.
[17] P. C. Hohenberg, Phys.Rev. 158:383, 1967.
[18] N. D. Mermin and H. Wagner, Phys.Rev.Lett. 17:1133,
1966.
[19] L. Landau, Zh.Eksp.Teor.Fiz. 7:19, 1937
[Phys.Z.Sowjetunion 11:26, 1937].
[20] Z.-C. Gu and X.-G. Wen, Phys.Rev.B 80:155131, 2009.
[21] A. P. Schnyder, S. Ryu, A. Furusaki and A. W. W. Lud-
wig, Phys.Rev.B 78:195125, 2008.
[22] A. Kitaev, Conf.Proc. 1134:22, 2009.
[23] X.-G. Wen, Phys.Rev.B 85:085103, 2012.
[24] L. Fidkowski and A. Kitaev, Phys.Rev.B 81:134509,
2010.
[25] M. Z. Hasan and C. L. Kane, Rev.Mod.Phys. 82:3045,
2010.
[26] X.-L. Qi and S.-C. Zhang, Rev.Mod.Phys. 83:1057, 2011.
[27] A. Montorsi and M. Roncaglia, Phys.Rev.Lett.
109:236404, 2012.
[28] L. Barbiero, A. Montorsi and M. Roncaglia, Phys.Rev.B
88:035109, 2013.
[29] A. Montorsi, F. Dolcini, R. C. Iotti and F. Rossi,
Phys.Rev.B 95:245108, 2017.
[30] T. Giamarchi, Quantum Physics in One Dimension, vol.
121 of International Series of Monographs on Physics,
Clarendon, (Oxford University Press, 2004).
[31] F. D. M. Haldane, Phys.Rev.Lett. 61:1029, 1988.
[32] E. Fradkin and M. Stone, Phys.Rev.B 38:7215, 1988.
[33] L. B. Ioffe and A. I. Larkin, Int.J.Mod.Phys.B 2:203,
1988.
[34] T. Dombre and N. Read, Phys.Rev.B 38:7181, 1988.
[35] A. Angelucci and G. Jug, Int.J.Mod.Phys.B 3:1069, 1989.
[36] T. M. Rice, S. Golapan and M. Sigrist, Europhys. Letters
23:445, 1993.
[37] E. Dagotto, J. Riera and D. Scalapino, Phys.Rev.B
45:5744, 1992.
[38] E. Dagotto, Rev.Mod.Phys. 66:763, 1994.
[39] D. C. Johnston, J. W. Johnson, D. P. Goshorn and A. J.
Jacobson, Phys.Rev.B 35:219, 1987.
[40] Z. Hiroi, M. Azuma, M. Takano, and Y. Bando, J.Solid
State Chem. 95:230, 1991.
[41] M. Azuma, Z. Hiroi, M. Takano, K. Ishida, and Y. Ki-
taoka, Phys.Rev.Lett. 73:3463, 1994.
[42] T. Barnes and J. Riera, Phys.Rev.B 50:6817, 1994.
[43] E. Dagotto and T. M. Rice, Science 271:618, 1996.
[44] D. V. Khveshchenko, Phys.Rev.B 50:380, 1994.
[45] D. Se´ne´chal, Phys.Rev.B 52:15319, 1995.
[46] S. Dell’Aringa, E. Ercolessi, G. Morandi, P. Pieri, and
M. Roncaglia, Phys.Rev.Lett. 78:2457, 1997.
[47] G. Sierra, J.Phys. A: Math. Gen. 29:3299, 1996.
[48] G. Sierra, Lectures Notes in Physics:478, (G. Sierra , and
M.A. Martin-Delgado, Springer-Verlag, 1997).
[49] L. Campos Venuti, C. Degli Esposti Boschi, E. Ercolessi,
F. Ortolani, G. Morandi, S. Pasini and M. Roncaglia,
J.Stat.Mech. 0504:L04004, 2005.
[50] M. Sato, Phys.Rev.B 72:104438, 2005.
[51] M. A. Martin-Delgado, R. Shankar and G. Sierra,
Phys.Rev.Lett. 77:3443, 1996.
[52] G. Magnifico, D. Vodola, E. Ercolessi, S. P. Kumar, M.
Müller and A. Bermudez, Phys.Rev.D 99:014503, 2019.
[53] G. Magnifico, D. Vodola, E. Ercolessi, S. P. Kumar, M.
Müller and A. Bermudez, arXiv:1906.07005 (2019).
[54] M. A. Martin-Delgado, J. Dukelsky and G. Sierra,
Phys.Lett.A 250:430, 1998.
[55] N. J. Robinson, A. Altland, R.Egger, N. M. Gergs, W.
Li, D. Schuricht, A. M. Tsvelik, A. Weichselbaum and R.
M. Konik, Phys.Rev.Lett. 122:027201, 2019.
[56] N. Chepiga, F. Michaud and F. Mila, Phys.Rev.B
88:184418, 2013.
9[57] A. Auerbach, Interacting Electrons and Quantum Mag-
netism (Springer, 2 edition, 1998).
[58] E. Fradkin, Field Theories of Condensed Matter Systems
(Addison-Wesley, 1 edition, 1991).
[59] M. Greven, R. J. Birgeneau and U.-J. Wiese,
Phys.Rev.Lett. 77:1865, 1996.
[60] S. R. White, R. M. Noack and D. J. Scalapino,
Phys.Rev.Lett. 73:886, 1994.
[61] G. Ghelli, Topological phases in spin ladders,
Master Thesis, University of Bologna (2018),
https://amslaurea.unibo.it/17050/.
[62] R. Shankar and N. Read, Nucl.Phys.B 336:457, 1990.
[63] S. R. White, Phys.Rev.B 48:10345, 1993.
[64] S. R. White, Phys.Rev.Lett. 69:2863, 1992.
[65] F. Verstraete, J. I. Cirac and V. Murg, Adv.Phys. 57:143,
2008.
[66] U. Schollwo¨ck, Ann.Phys. 326:96, 2011.
[67] R. Oru´s, Ann.Phys. 349:117-158, 2014.
[68] E. O. Gogolin, E. A. Nersesyan and M. Tsvelik, Bosoniza-
tion and Strongly Correlated Systems, (Cambridge Uni-
versity Press, 1998).
[69] S. Fazzini, F. Becca and A. Montorsi, Phys.Rev.Lett.
118:157602, 2017.
[70] C. Degli Esposti Boschi, A. Montorsi and M. Roncaglia,
Phys.Rev.B 94:085119, 2016.
[71] L. Campos Venuti, C. Degli Esposti Boschi and M.
Roncaglia, Phys. Rev. Lett. 96:247206, 2006.
[72] T. J. Osborne and F. Verstraete, Phys. Rev. Lett.
96:220503, 2006.
[73] F. Pollmann, A. M. Turner, E. Berg and M. Oshikawa,
Phys.Rev.B 81:064439, 2010.
[74] S. Yamamoto, J.Phys.Soc.Jpn. 63:4327, 1994.
[75] I. Affleck, Phys.Rev.Lett. 54:966, 1985.
